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THE RELATION BETWEEN THE EXTRAPOLATION ESTIMATES
(TAKUYA SOBUKAWA)
Faculty of Education, Okayama University
Abstract. We $\mathrm{k}$ ow many operators which is bounded on $L^{p}(p>1)$ but on $L^{1}$ not.
For such operators, especially, the YanO-type operators, we have known several extrapola
tion theorem on $L^{p}$ spaces over infinite measure spaces. In this note, we shall show the
equivalence between them.
1. INTRODUCTION AND RESULT
$(\Omega, \mu)$ $\sigma$- , $L^{p}$ $(1 <\forall p<2)$
, $L^{1}$ , Hilbert . Riesz ,
Calderon-Zygmund , Hardy-Littlewood
, $L^{1}$
, $L^{1}$ “ ” ,
(1) , $L^{1}$ Hardy Class $H^{1}$
(2) , $L^{1}$ $L^{1}$ Class
,
Yano’s condition. $1<p_{1}<\infty$
(1) $T$ , $|T(f+g)|\leq|Tf|+|Tg|a$ .e.
(2) $T$ $IP$ $(1 <\forall p\leq p_{1})$ , ,
(1.1) $[ \int_{\Omega}|Tf(x)|^{p}d\mu(x)]^{1/p}\leq\frac{A}{(p-1)^{a}}[\int_{\Omega}|f(x)|^{p}d\mu(x)]1/p$
($A$ $\alpha$ $p$ $f$ )
, S.Yano ( )
,
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(1.2) $\int_{\Omega}|$T$f(x)|d \mu(x)\leq B\int_{\Omega}|$ f$(x)|(1+\log|f(x)|)^{\alpha}+C\mu(\Omega)$
$\mu(\Omega)=\infty$ 2
$L\log L$ \rightarrow L1
, $\mu(\Omega)=\infty$ $L^{1}$ “ ”
Fact 1([9]). $1<q<p_{1}$
$\int_{|Tf|\leq 1}|$T$f(x)|^{q}d \mu(x)+\int_{|Tf|>1}|$Tf$(x)|d\mu(x)$
(1.3) $\leq\frac{C_{A}}{(q-1)^{\alpha}}[\int_{|f|\leq 1}|$ f$(x)|^{q}d \mu(x)+\int_{|f|>1}|$f$(x)|(1+\log|f(x)|)^{\alpha}d\mu(x)]$
$L^{1}$ “ ” , B.Jawerth $\cdot$ . M.M man



















, M.Carro ([2]) , (Yano $|T(\lambda f)|=$
$|\lambda Tf$ |, $a.e$ . ) , $IP$ A.Gogatishvili
Yano , ([5])
Fact 4.
(1.6) $\sup_{0<t<\infty}\frac{t(Tf)^{**}(t)}{(1+1_{0}\mathrm{g}^{+}t)^{\alpha}}\leq\int_{0}^{\infty}$ ( $1+$ log“ $\frac{1}{t}$ )0 $f^{*}(t)dt$ ,
M.Carro J.Martin (1.5) ([4])
, ,
(1.6) Yano ( ) (52)
, 4 ,
Claim.
(1.4)\Leftarrow (1.3)\Rightarrow (1.5) $rightarrow$ (1.6)
$L^{q}$ & (1.6) $\Rightarrow(1\cdot 3)$
, 4
(1.3) $\Rightarrow(1\cdot 4)$ [8] , (1.3) $\Rightarrow(1\cdot 5)$ \S 3 , $(1\cdot 5)rightarrow(1\cdot 6)$
54 ,
2. ALMOST POINTWISE DECOMPOSITION
Yano’s condition (1.6)
Lorentz Class
Definition. $(\Omega, \mu)$ $f$
$f^{*}(t)=\mathrm{i}\mathrm{n}\mathrm{f}\{\sigma\geq 0 : \lambda_{f}^{\mu}(\sigma)\leq t\}$




Definition. 0< $p<\infty,$ $0$ < $q<\infty$
$L^{p,q}(\Omega)=\{f$ : $||$f $||_{p}$ , $q^{=}[ \frac{q}{p}\int_{0}^{\mu(\Omega)}(t^{\frac{1}{\mathrm{p}}}f^{*}(t))^{q}\frac{dt}{t}]\frac{1}{q}<\infty\}$
$L^{(p,q)}(\Omega)=\{f$ : $||$f $||$ (p, $q$ ) $=[ \int_{0}^{\mu(\Omega)}(t^{1}\mathrm{p}f^{**}(t))^{q}\frac{dt}{t}]\frac{1}{q}<\infty\}$
$L^{p,\infty}(\Omega)=\{f$ : $||f||_{p,\infty}=\mathrm{s}\mathrm{u}\mathrm{p}(t^{1}\mathrm{p}f^{*}(t))\}t>0$
$L^{(p,\infty)}(\Omega)=\{f$ : $||$flp,q $=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{Q}^{\frac{1}{p}}f^{**}(t))\}t>0$
Proposition 2.1. $1\leq p<\infty$
$IP^{1}’\subset L^{p,p}=L^{p}\subset L^{(p,\infty)}$
Proof.





$f^{*}(s)ds \leq t^{\frac{1}{\mathrm{p}}}\frac{1}{t}(\int_{0}^{t}f^{*}(s)^{p}ds)^{\mathrm{p}}\cdot t^{\mathrm{p}=}1\urcorner 1(\int_{0^{f^{*}(s)^{p}ds)^{\mathrm{p}}}}^{t^{1}}$
,
, $f$ ,
$f(x)= \sum a_{1}.\chi_{E:}(x)n$ ,
$i=1$
( $|a_{1}|\geq|a_{2}|\geq,$ $..\geq$ |an|, $E_{1},$ $E_{2},$ $\ldots E_{n}$ ) , $f^{*}$




$(t_{0}=0, t_{i}=\mu(E_{i}),$ $c_{i}=a_{i}-a_{i+1}$ $f$
$||$f $||p,p=( \int_{0}^{\mu}(\Omega)(t^{\frac{1}{\mathrm{p}}}\sum_{i=1}^{n}c_{i}\chi$ [o, $t:$ )) $\frac{dt}{t})^{\frac{1}{p}}$
$\leq.\cdot\sum_{=1}^{n}\mathrm{q}$. ($\int_{0}$”$(\Omega)(t$g $\chi$ [0, $t$:)) p $\frac{dt}{t})^{\frac{1}{\mathrm{p}}}$
$=-i1\mathrm{q}$. $( \int_{0}^{t_{l}}dt)^{\frac{1}{\mathrm{p}}}=\sum_{i=1}^{n}c_{1}.t^{\frac{1}{i\mathrm{p}}}=\int_{0}^{\mu(\Omega)}\frac{1}{p}tp$ $\sum_{i=1}^{n}c_{i}\chi_{[0,t:})^{\frac{dt}{t}}$
$=||$f $||$p,1




$||$Tf $||$ (p, $\infty$) $\leq\frac{A}{(p-1)^{\alpha}}||f||_{p,1}$




Remark. , Yano’s Condition Proposition
2.1
Proof. $f\in L^{p,1}$ , $f^{*}(t)arrow 0(tarrow\infty)$ pairwise
disjoint




$n=\cdots,$ $-2,$ $-1,0,1,2,$ $\cdot\cdot \mathrm{f}$
0otherwise
$f= \sum_{\hslash}f$n , $n$

































$0<t< \infty-\infty<k<\infty \mathrm{s}\mathrm{u}\mathrm{p}\frac{t(Tf)^{**}(t)}{(1+1\mathrm{o}\mathrm{g}^{+}t)}\approx \mathrm{s}\mathrm{u}\mathrm{p}2^{k}(Tf)^{**}(2^{k})$
$\leq k-1\sum(1-n)^{\alpha}2^{n}f^{*}(2^{n})+\sum_{n=k}^{\infty}2^{k}f^{*}(2^{n})$
$n=-\infty$
$\approx\int_{0}$”($1+$ log” $\frac{1}{t}$ )’ $f^{*}(t)dt$
3. THE RELATION BETWEEN EXTRAPOLATION THEOREMS AROUND $L^{1}$
, (1.3) (1.5)
Proposition 3.1 $\cdot$ $($ \Omega , $\mu)$ $f$ $g$




(3.2) $\sup_{r>0}\frac{\int_{\Omega}(|g(x)|-\frac{1}{f})_{+}d\nu(x)}{(1+1\mathrm{o}\mathrm{g}^{+}r)^{\alpha}}\leq C\int_{\Omega}|$ f$(x)|(1+\log|f(x)|)^{\alpha}d\mu(x)$
81




$\leq C\int_{\Omega}|$f $(x)|$ ( $1+\log|$ f(x) $|$ ) $\alpha$d$\mu$(x)
$(r\geq 1)$ (3.1) $q=1+L1_{\frac{-1}{\mathrm{g}r}}10$
$\int_{\Omega}|f(x)|(1+\log|f(x)|)^{\alpha}d\mu(x)\geq(q-1)^{\alpha}\int_{|g|\leq 1}|g(x)|^{q}d\mu(x)$
$\geq(\frac{p_{\mathrm{l}}-1}{1\mathrm{o}\mathrm{g}r})^{\alpha}\int_{e^{-1\text{ }gr}<|g|\leq 1}|g(x)|\cdot|g(x)|^{\frac{\mathrm{p}-1}{n}}d\mu(x)$
$\geq(p_{1}-1)^{\alpha}\frac{\int_{\frac{1}{r}<|g|\leq 1}|g(x)|\cdot|g(x)|^{\mathrm{I}_{\text{ }^{}\mathrm{l}_{\frac{-1}{\mathrm{g}r}}}}d\mu(x)p}{(1\mathrm{o}\mathrm{g}r)^{\alpha}}d\mu(x)\approx\frac{\int_{1r}<|g|\leq 1|g(x)|}{(1\mathrm{o}\mathrm{g}r)^{\alpha}}$ .
,
$\frac{\int_{\Omega}(|g(x)|-\frac{1}{r})_{+}d\nu(x)}{(1+1\mathrm{o}\mathrm{g}^{+}r)^{\alpha}}\leq C\int_{\Omega}|$ f(x) $|$ ( $1+$ log“ $|$ f(x) $|$ ) $\alpha$d$\mu$(x)
$\forall \mathrm{r}>0$
4. EQUIVALENCE BETWEEN LORENTZ AND $0_{\mathrm{R}\mathrm{L}\mathrm{I}\mathrm{C}\mathrm{Z}}$ TYPE ESTJMATES
(1.4) $rightarrow(1.5)$ , ,
Lemma 4.1. $(\Omega, \mu)$ $\sigma$ - , $\alpha\leq 0$ Orlicz-Zygund
(4.1) $L\log L=\{f$ : $\int_{\Omega}|f(x)|(1+\log|f(x)|)^{\alpha}d\mu(x)\}$
Looentz-Zygmund
(4.2) $L^{1,1,\alpha}=\{f$ : $\int_{0}^{\infty}f^{*}(t)(1 +\log\frac{1}{t})$’$dt\}$
, Llog’ $L=L^{1,1,\alpha}$








$= \int_{0}^{\min(|1f\mathrm{I}|_{1},1)}f^{*}$ (t)(1 $+$ l0g$+ \frac{||f||_{1}}{t}$ ) $’ dt+ \int_{\mathrm{m}}$7 $(|1f\mathrm{I}|_{1},1)f^{*}(t)dt$
$\leq\int_{0}^{1}f^{*}(t)(1+ \mathrm{l}0\mathrm{g}(\frac{1}{t}))^{\alpha}dt+||f||_{1}(1+\log||f||_{1})+||f||_{1}$
$L\log L\supset L^{1,1,\alpha}$
$E=\{t: t^{*}(t)>t^{-\frac{1}{2}}\}$ and $F=[0,1]\backslash E$
,
$\int_{0}$ (t)(1 $+$ lOg4) $\alpha$dt
$\leq\int_{E}f^{*}(t)(\log f^{*}(t)^{2})^{\alpha}dt+\int_{F}t^{1_{\mathrm{F}}^{1}}$ ( $1+$ log( $\frac{1}{t}$ ))’dt $+ \int_{1}$ (t)dt
$\leq C_{1}\int_{0}^{1}f^{*}(t)(1+\log f^{*}(t))+C_{2}+\int_{1}^{\infty}f^{*}(t)dt$
$L\log L\subset L^{1,1,\alpha}$
Proposition 4.2. Proposition 4.1 , $(\Omega, \mu)$ 2
, $\mathrm{A}$
$B_{\alpha}=\{f$ : ||f||B $= \inf\{\alpha>0:\frac{\int_{1r}^{\infty}\mu(|f|>\alpha y)dy}{(1+1\mathrm{o}\mathrm{g}^{+}r)^{\alpha}}\leq 1\}<\infty\}$
$M_{(t(1+\log t))}-\alpha=\{$ f : $||f||_{M(t(1+\log t))}+- \alpha=\sup_{t>0}(\frac{t}{(1+t1\mathrm{o}\mathrm{g}^{\alpha}t)^{\alpha}}f^{**}(t))<\infty\}$





Theorem 5.1. $($ \Omega , $\mu)$ $\sigma$ - 1 $<q<\infty$ $T$
$L\log L^{\alpha}+L^{q}($ \Omega , $\mu)$
(1.1 , ) $[ \int_{\Omega}|$Tf(x) $|^{q}$d$\mu$(x)$]^{1/q} \leq A[\int_{\Omega}|$ f(x) $|^{q}$d$\mu$(x)$]^{1/q}$ for any $f\in L^{q}(\Omega,\mu)$
(1.6) $\sup_{r>0}\frac{\int_{\Omega}(|Tf(x)|-\frac{1}{r})_{+}d\nu(x)}{(1+1\mathrm{o}\mathrm{g}^{+}r)^{\alpha}}\leq C\int_{\Omega}|$ f(x) $|$ ( $1+$ l0g$+|$ f(x) $|$)’d$\mu$(x)
$\int_{|\tau f|}$ 5\sim Tf $(x)|^{q}d \mu(x)+\int_{|\tau f|>1}|Tf(x)|d\mu(x)$
(1.2) $\leq\frac{C_{A}}{(q-1)^{\alpha}}[I_{|f|\leq 1}|$ f(x) $|^{q}$d$\mu(x)+\int_{|f|>1}|$f(x) $|$ ( $1+$ l0g $|$ f(x) $|$ ) $\alpha$d$\mu$(x)$]$
Remark. $T$ $L^{1}$ , (1.4)
S.Koizumi( ) [6] ,
Proof. [6] $f$
$g(x)=\{$




(5.1) $\int_{|Tg|\leq 1}|$Tg(x) $|^{q}$d$\mu(x)\leq C\int_{\Omega}|$g(x) $|^{q}$d$\mu(x)=\int_{|f|\leq 1}|$f$(x)|^{q}d\mu(x)$ ,
(5.2) $2_{T|’ 1}|Tg(x)|^{1}d \mu(x)\leq C\int_{|Tg|>1}|$Tg(x) $|^{q}$d$\mu$(x)
$\leq\int_{\Omega}|g(x)|^{q}d\mu(x)=\int_{|f1\leq 1}|$ f(x) $|^{q}$d$\mu$(x)
64
, (1.6) $r=1$
$\int_{Th>1}|T$h$(x)|d\mu(x)$ $\leq C’|\acute{\Omega}$h$(x)|$ ( $1$ $+\log|$h$(x)|$)’ $d\mu(x)$
$(5.3)$




$\mathrm{x}_{-n-1}<|Tf|\leq \mathrm{e}^{-n}|Tf(x)|^{q}d\mu(x)\leq\int_{e^{-n-1}<|Tf|\leq e^{-n}}|$Tf(x) $|e-n(q-1)d\mu(x)$
$\leq C(1+n)^{a}e^{-n(q-1)}7|$f(x) $|$ ( $1+$ log$+|$ f(x) $|$ )’dp(x$.|$
$n$
$\int_{|Th|\leq 1}|Th(x)|d\mu(x)\leq C’\int_{\Omega}|h(x)|$ ( $1+\log|$h(x) $|$)’ $\mathrm{c}\mathrm{i}\mu(x)$
(5.4)
$=C’ \int_{|f|>1}|f(x)|(1+\log|f(x)|)^{\alpha}d\mu(x.$.




$|$f $|^{q}d,$ $+ \int_{|f|>1}|$f $|$ ( $1+$ log$+|$f $|$)’ $d\mu$
Lemma 5.2(S.K0izumi[6]). $A\leq B+C$ $A,$ $B,$ $C>0$ $1<q<\infty$
(i) $0\leq A\leq 1$
$A\leq\{$
$B+C$, if $0\leq C\leq 1$
$B+C$’qif $C>1$
(ii) $A>1f_{\epsilon \mathrm{K}}\text{ }$ #$
$A\leq\{$
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